As reflection symmetry or space-time inversion symmetry is preserved, with a non-contractible integral loop respecting the symmetry in the Brilliouin zone, Berry phase is quantized in proper basis. Topological nodal lines can be enclosed in the integral loop and π-Berry phase topologically protects the nodal lines. In this work, we show that to have quantized Berry phase restricted by the symmetry in any crystal structure, we choose to use the cell-periodic convention and define the origin point in the real space at one of the reflection (inversion) centers. In addition, π-Berry phase is not the sufficient condition leading to the presence of the stable surface states. Their presence crucially depends on the location of the termination and the crystal structure in the unit cell. By using these new conditions we further reexamine if stable surface states exist in the known topological nodal line materials stemming from reflection symmetry or space-time inversion symmetry. arXiv:1810.04094v1 [cond-mat.mes-hall] 
I. INTRODUCTION
The topological states of matter in solid state systems have attracted scholarly attentions in the physics community. The key signature in most of the topological states is the presence of the stable boundary states 1, 2 , which are robust against symmetry-preserving disorders. Under symmetry operations, the entire topological systems are always invariant. A topological invariant, which is quantized by the symmetries, characterizes a topological system and determines the number of the stable boundary states [3] [4] [5] . In particular, the robustness of the boundary states leads to universal physical observables, such as quantized Hall conductance 6 . One of the prominent examples is Majorana bound states protected by particle-hole symmetry [7] [8] [9] ; the non-zero Z 2 invariant defined in the 1D superconductor indicates the appearance of the Majorana bound state.
In the ten-fold classification of topological insulators and superconductors [10] [11] [12] [13] [14] , the non-zero strong indices of the topological invariants indicate that stable surface states are present at any termination on any surface as illustrated in Fig. 1(a) . Since time reversal symmetry, particle-hole symmetry, and chiral symmetry in the ten-fold classification are non-spatial, any termination alone on any surface always preserves the non-spatial symmetries, which protect the surface states. Furthermore, for topological crystalline insulators and superconductors [15] [16] [17] [18] [19] [20] , the crystalline symmetries are spatial so that the stable surface states can be present at any termination on the surface preserving crystalline symmetries as illustrated in Fig. 1(b) . In these topological systems, surface states are always present on the surface individually preserving the symmetries. This is known as the standard bulk-boundary correspondence in topological systems.
It has been experimentally observed that drumhead surface states appear 21, 22 on the surfaces of topological nodal line semimetals. The bulk nodal lines are protected by reflection symmetry or space-time inversion symmetry (the combination symmetry of time-reversal and space inversion) [23] [24] [25] [26] . The surface hosting the drumhead surface state alone is not invariant under the symmetry operation as illustrated in Fig. 1(c) . The drumhead surface state is not protected by the symmetries, which are preserved in the entire system. This is another type of topological crystalline surface states. The problem can be simplified to the 1D wire problem that the bulk is invariant under reflection (space-time inversion) operation and one wire end is mapped to the other end. The Berry phase as a topological invariant is quantized when the symmetry operators are momentum-independent 27 . Although it has been shown that π-Berry phase leads to the presence of the symmetry-protected end state and the termination of the surface must include a reflection (inversion) center 28 , the criterion determining the presence of the stable end state in these systems has not been studied throughly. Furthermore, once the symmetry operators are momentum-dependent, unfortunately the Berry phase cannot be quantized in general and the stable end state might be absent.
In this manuscript, we consider the relation between the Berry phase and the stable end state in the presence of reflection symmetry and space-time inversion symmetry respectively. Space-time inversion symmetry indicates that the system is invariant under the combined operations of timereversal and space inversion and its symmetry operator is labelled by T P. In the following, we always consider T P 2 = 1 corresponding to spinless systems since only space-time inversion symmetry with T P 2 = −1 cannot lead to protected nodal lines 29 .
To compute the Berry phase, the bloch wavefunctions are usually written in the two conventions (unit-cell and cellperiodic) to compute topological invariants. The reason to choose the unit-cell convention is that all topological invariants in the ten-fold classification of topological insulators and superconductors 12, 14, 30 are defined in this convention and are always gauge invariants. Therefore, we examine the Berry phase in this convention, which is called the intercellular Zak phase 28 . In the cell-periodic convention the Berry phase as the Zak phase 31 corresponds to electronic polarization 32, 33 in the 1D system with the terminations. Furthermore, the value of this Zak phase depends on the choice of the spatial origin point 28, 34 . However, it has not been discussed before that the Berry phases quantized by the symmetry relies on the specific choice of the convention and the origin point; the fundamental reason that π-Berry phase leads to the presence of the surface state is missing in the literature.
To simplify the problems of the quantized Berry phase and the surface state, we focus on only 1D tight-binding systems at the beginning since the physics can be easily extended to higher dimensions. The Hamiltonians in the unit-cell convention are defined based on the hopping terms written in the distance between the different unit cells and is invariant under momentum shift k → k + 2π. The hopping terms in the cellperiodic convention is based on the physical distance of the atoms so that H(k + 2π) = H(k) does not hold in general. Hence, the wavefunction can be written in the different conventions: the unit-cell convention |φ k, j and the cell-periodic convention (atom-distance) |u k, j . The relation between the two conventions is given by
where label j indicates the wavefunctions at the different energy levels E j , labels α, β represent generic atom and orbital indices, U is in the form of a diagonal unitary matrix U(k) = diag(e −ikr 1 , e −ikr 2 , . . .), r α is the location of the α-th atom in unit cell. We remove r-dependence in the Bloch wavefunction since in the tight-binding model each orbital is located at one point and this simplification does not alter the fundamental physics of the surface states discussed in this manuscript. The wavefunction |u k, j is known as the cell-periodic functions and the wavefunction in the unit-cell convention obeys |φ k, j = |φ k+2π, j . We note that the choice of the origin point is important since the unitary matrix U can be changed by redefining the locations of the atoms.
In the unit-cell convention, when reflection (inversion) center is not located at the unit cell center, the operators of these two symmetries might be momentum-dependent in the lattice model. In the manuscript, we show that once the symmetry operators are momentum-dependent, the Berry phase can not be guaranteed to be quantized. In the cell-periodic convention, the Berry phase can be quantized when reflection (inversion) center is located at the spatial origin point. Furthermore, although it was thought that π Berry phase leads to the presence of the surface state, the surface state might be even absent when the termination does not include the reflection (inversion) center.
The remainder of the manuscript is organized as follows. In Sec. II in generic 1d reflection symmetric systems, we show that the Berry phase in the unit-cell convention cannot be quantized and in the cell-periodic convention can be quantized when the reflection is at the spatial origin. The criterion of the stable surface state is throughly discussed in Sec. II A. In Sec. II B, CaAgAs is the example failing the surface state criterion of the reflection symmetry but possessing the surface state protected by other symmetries. In Sec. III, for space-time inversion symmetry we use the similar analysis to discuss the Berry phase and the surface state. We provide the example of the space-time inversion symmetric system (CaP 3 ) to show that the appearance of the stable surface state stems from other symmetries in Sec. III A, when the surface state criterion of the space-time symmetry is not obeyed. In Sec. IV, we summarize the criterion of the stable surface state in the reflection (space-time inversion) symmetric systems. Some technical details are relegated to Appendix.
II. BERRY PHASE WITH REFLECTION SYMMETRY
To study the relation between the Berry phase and the surface state in reflection symmetric systems, we consider a 1D chain with lattice constant a = 1 and examine the Berry phases in these different conventions.
We first consider a 1D model preserving reflection symmetry in the unit-cell convention so the Hamiltonian in the momentum space obeys
where the reflection operator obeys R † k = R −k and R −k R k = 1.
The momentum label k in R k indicates the reflection symmetry operator might be momentum-dependent. By assuming the absence of energy degeneracies, the reflection symmetry acts the wavefunctions |φ k, j in the unique expression |φ −k, j = e −iα j k R k |φ k, j .
The reflection phase α j k connects the wavefunction at ±k. It has been shown that as R k is momentum-independent, the Berry phase is quantized to 0 or π [27] . Now we carefully consider the Berry phase with the momentum-dependent reflection operator. The integral path of the Berry phase has to be invariant under reflection to potentially quantize the Berry phase. In this 1D model, we simply choose the integration path as the entire 1D BZ and write the Berry phase (the intracellular Zak phase in [28] ) in the integral form (4) where E F is the Fermi level. We have R 2 0 = R 2 π = 1 35 so α j 0 , α j π are either 0 or π; the first term is quantized and given by
where n is an integer. The second term in Eq. 4 vanishes when the reflection operator R k is momentum-independent. That is, physically when the reflection image of each atom in the unit cell is in the same unit cell as shown in Fig. 2(a) , the reflection center is at the unit cell center and R k does not depend on k. Hence, the Berry phase under reflection symmetry is either 0 or π, since 2π phase can be removed by large U(1) gauge transformation. Furthermore, in the unit-cell convention H k=π = H k=−π so that at the high symmetry points (k 0 = 0, π) the reflection symmetry operator R k 0 commutes with the Hamiltonian H k 0 ; hence, we can further define n + 0 and n + π as the number of the occupied states in the R k 0 = 1 eigenspace at k 0 = 0, π respectively in the form of
We note that in the cell-periodic convention H k=π = H k=−π does not hold so that n + π at k = π is ill-defined. The reflection occupation numbers are directly related to the reflection phases
Hence, π Berry phase corresponds to odd number of n + 0 + n + π . We note that due to momentum-independent R k , (−1) n + 0 +n + π = (−1) n − 0 +n − π , where n − 0 and n − π is the number of the occupied states in the R k 0 = −1 eigenspace at k 0 = 0, π.
However, as R k is momentum-dependent, the reflection symmetry operator has a generic block-diagonalized form
where φ i l j l is a unitary matrix obeying j l φ i l j l φ j l k l = δ i l k l (due to R −k R k = 1), n j indicates atoms in the (n j + i)-th unit cell are reflected to atoms in the (−i)-th unit cell as shown in Fig. 2(b) , and we use the lattice constant a ≡ 1. We have
Unfortunately, generic state |φ k, j might mix at least two different blocks in R k and preserves the reflection symmetry. Non-quantized i π 0 E j <E F φ k, j |R † k (∂ k R k )|φ k, j dk leads to unquantized Berry phase (see the example in Appendix A 1). Since it has been mistakenly showed in Ref. 24 and 25 that this term can be quantized as R k is k-dependent, it is important to show the Berry phase is not always quantized in the unitcell convention and the unquantized quantity cannot be used to study the presence of the surface state. Furthermore, the odd occupation number, which cannot lead to π Berry phase, is not qualified to determine the topology in the 1d chain.
Next we study the Berry phase in the cell-periodic convention. In this convention, the reflection symmetry operator can be decomposed to k-independent matrix with a global k-dependent phase
where R o is a k-independent matrix and d m is the distance between the origin point and the location of the reflection center (see Appendix A 2 for the proof). Here, we define the origin point is located at one of the centers of the unit cells. Similarly, the wavefunctions at ±k has the same relation stemming from reflection symmetry |u −k, j = e −iα j k R k |u k, j
The Berry phase in this convention is given by while the reflection of the yellow atom is itself in the same unit cell, the red atom is reflected to another unit cell. This discrepancy leads to k-dependent reflection operator. The reflection operation does not change the spins in the x direction.
where n o is the number of the occupied bands (see an example in Appendix A 3). Hence, P is quantized (0, π) as the reflection center is located at the unit cell center and boundary (d m = 0, 0.5a). The two different values of the Berry phase indicates the two distinct topological phases. The polarization of the occupied Wannier functions has this relation with the Berry phase 31, 36 a 2π P =
where Ω is the region of the single unit cell. Since the origin point is chosen at the unit cell center, the center of the wavefunctions are located at the unit cell center as P = 0. On the other hand, as P = π, the center of the wavefunctions is located at the unit cell boundary, which is a half lattice constant away from the origin point.
A. Surface states
In the literature, it has been shown that stable surface states appear as Berry phase is π. However, to have the stable surface states, the location of the termination plays an important role to determine the presence of the stable surface states.
A straightforward way to understand the presence of surface states is from the center of the occupied Wannier functions. We choose the origin point to be a reflection center and the unit cell center (d m = 0) so that the boundary of the unit The π Berry phase indicates the center of the single wavefunction is locked at x = a/2. The termination at x = a/2, which cuts the wavefunctions to two halves, leads to the presence of the stable surface state. (b) the center of two wavefunctions is located at one of the reflection centers and the Berry phase P = 0. The terminations at the reflection center might not cut any wavefunction since the center of each wavefunction can move freely with respect to reflection symmetry. Therefore, the surface states might be absent.
cell (x = a/2) is also another reflection center. There are only four possible locations of the Wannier functions preserving reflection symmetry. (i) when the center of single or multiple Wannier functions is located at the origin point (x = 0) as shown in Fig. 3(a) , the Berry phase in the cell-periodic convention vanishes. (ii) when the center of a Wannier function is off reflection center, due to the reflection symmetry, another Wannier function, which is the reflection of the original wavefunction, is located at the other side of the reflection center. The Berry phase of these wavefunctions should be zero (mod 2π) since the center of the two wavefunctions is at either the origin point or x = a/2 as shown in Fig. 3 (b) (P = 0, 2π).
(iii) when two Wannier functions are located at the unit cell boundary, 2π Berry phase P , which is equivalent to zero under the gauge transformation, indicates the wavefunction can be smoothly deformed to two wavefunctions off reflection center without breaking reflection symmetry as demonstrated in Fig. 3(b) . Therefore, no locked surface states are present in any specific termination. (iv) when the center of a single Wannier function is located at the boundary of the unit cell (x = a/2) ( Fig. 3(a) ), the Berry phase P is given by π. If the center of the Wannier function moves away from the unit cell boundary, in the absence of another wavefunction as the reflection image, the reflection symmetry is broken. Hence, the center of the single Wannier function has to be locked at the boundary of the unit cell by reflection symmetry. When the unit cell boundary is chosen as the termination, this Wannier function is always cut to halves to form a stable surface state, which is similar with the presence of a Majorana bound state in the Kitaev chain 37 , as illustrated in Fig. 4(a) . If the termination is at the origin point, which is one of the reflection cetners, although zero-value Berry phase indicates the center of Wannier functions located at the origin, the Wan- 4 . The solid (dashed) lines represent the strong (weak) bonds and the pink lines indicate the reflection centers. The Wannier function is located at the boundary of the unit cell. (a) the strong bond, which connects the two atoms, can be cut to form a dangling end state. (b) the strong bond is inside the orange atom sitting at the reflection center. Since it is impossible to separate the single atom, the strong bond cannot be cut to form the dangling end state. nier functions can be either locked or unlocked at the origin, since in case (ii) the Wannier functions are away from the origin. Therefore, the Berry phase in this basis cannot determine the presence of the stable surface state at this termination including the origin point. To determine the presence of the stable surface state we can simply exchange the definitions of the unit cell boundary and the origin point and then compute the new Berry phase in the same convention. The new origin point, which was the old boundary of the unit cell, is still a reflection center so that the Berry phase P 0 is quantized. Similarly, π Berry phase P 0 indicates the presence of a surface state at the termination of the old origin point. Interestingly, the number (n 0 ) of the occupied surface states indicates the relation of the surface states at these two different reflection center terminations by eq. 12 (−1) n 0 = e i(P 0 +P a/2 ) ,
where P a/2 is the Berry phase based on the previous origin point. As n 0 is even, the surface states appear or vanish at the two different reflection centers at the same time. As n 0 is odd, only one reflection center as a termination can host a stable surface state. Thus, to have a stable surface state protected by reflection symmetry, the termination must be located at a reflection center. The example in Appendix B shows the absence of the surface states when the termination is not located at any reflection center.
When the origin is located at the unit cell center, the reflection operator is momentum-independent, and the reflection center is at the origin d m = 0. The Berry phases in the two conventions are identical
In this special case, the Berry phases in the two different conventions are either 0 or π. When P = P = π, a surface state protected by reflection symmetry appears at the boundary of the unit cell center, which is a reflection center. It is common in real materials that some atoms are exactly located at the reflection centers. Once the termination is made at the reflection center, those atoms are either completely removed or included in the sample so that the termination can never be located at any reflection center as illustrated in Fig. 4(b) . As the center of the Wannier functions is in these atoms, the surface state might be absent in the termination since the atom cannot be cut into two halves.
In another point of view, the atoms located at the boundary of the unit cell, which is the reflection center, always leads to the momentum-dependent reflection operator in the unit-cell convention. Since the center of the unit cell is the other reflection center, the reflection images of the atoms inside the unit cell are in the same unit cell as illustrated in fig. 2(a) . Therefore, the inside-atom part of the reflection operator is momentum-independent. On the other hand, the atoms located at the unit cell boundary must be reflected to another boundary of the unit cell. Therefore, this part of the reflection operator must be momentum-dependent. In the unit-cell convention, the Berry phase might be unquantized due to the atoms at the unit cell boundary. This unquantized Berry phase directly leads to the absence of the surface state.
The following example shows that when atoms are located at the reflection centers, π Berry phase in the cell-periodic convention does not lead to the presence of the surface states at any termination. Consider A and B atoms located at x = 0, a/2 respectively in the unit cell as shown in Fig. 2(b) . The atom configuration leads to the reflection centers at the atoms. The reflection operator transformed from real space to momentum space is given bŷ
The matrix form of the reflection operator always depends on momentum
We simply consider the system only has sublattice potential difference and same-atom hopping so that the Hamiltonian can be written as
preserving the reflection symmetry R −k H(−k)R k = H(k), where |m| > 1 to have the insulating phase. In the cell-periodic convention, since the origin point is the reflection center and the location of atom A, the expression of the occupied state is given by
the Berry phase is quantized
The π Berry phase indicates the single occupied state located at the boundary of the unit cell, which is the location of atom B. Unfortunately, at the boundary the physical termination cannot be cut the atom into two halves and all of the occupied states are extended states (due to cos k) so the surface states always are absent. When in the crystal structure the atoms are located at a reflection center as a termination, stable surface states are absent even if the Berry phase in the cell-periodic convention is π. We note that P = 0, π correspond to the two different trivial topological phases. That is, the two phases can adiabatically connect to the two different atomic insulators by turning off the hopping terms (cos k).
B. Examples: CaAgAs
The semimetals CaAgP and CaAgAs have been studied to possess a stable 4-fold degenerate nodal ring protected by reflection symmetry along the z direction in the absence of the spin-orbit coupling. Our focus is on CaAgAs to study the physics of the surface states. It has been shown in the DFT calculations 25 and APRES experiment 21 that a drumhead surface state emerges from the bulk nodal ring. It was thought that the presence of the drumhead surface state stems from the reflection symmetry. However, the centers of the reflection symmetry are exactly located at the atoms as shown in the crystal structure of Fig. 5 (a). Any of two terminations (Ca 3 As and Ag 3 As 2 ) in CaAgAs on (001) surface is unable to host a stable surface state protected by the reflection symmetry in the z direction since the termination cannot be at any reflection centers. Hence, the presence of the surface states does not stem from this reflection symmetry. In the following, we show non-zero mirror Chern numbers from the reflection symmetries perpendicular to the z direction leads to the surface state.
The space group of CaAgAs (#189) has three nonidentity symmetry generatorsR z r = (x, y, −z), [38] . Since the 4-fold degenerate nodal ring is located k z = 0 plane, the low energy effective model can be written near k z = 0
where τ α and σ β represent orbital and 1/2-spin indices respectively, k is (k x , k y ), and m is a positive constant. The nodal ring appears at k z = 0 and |k | = m. This effective Hamiltonian preserves time-reversal symmetry and the crystalline symmetries of these three generators above. That is, the Hamiltonian obeys T H(−k , −k z )T −1 = H(k , k z ) with time reversal symmetry operator T = τ 0 ⊗ σ y K, where K is the complex conjugate operator. Likewise, the crystalline symmetries lead to shows two reflection planes along the x and z directions. We note that the identity matrix τ 0 ⊗ σ 0 , which does not alter the physics, is neglected although the identity matrix can be also added in the Hamiltonian without breaking any symmetry.
In the absence of the spin-orbital coupling, because spin S U(2) symmetry is preserved, the system can be treated as two identical spinless systems h(k , k z ) = (k 2 − m 2 )τ x + k z τ y , each 2-fold degenerate nodal ring is protected by the reflection symmetry along the z direction since the two bands of the ring correspond to the different reflection eigenvalues. However, this reflection symmetry cannot lead to the presence of the drumhead surface states due to the crystal structure ( Fig. 5(a) ).
To examine the surface states, we introduce the spin orbital coupling, which breaks spin S U(2) symmetry and preserves all of the other system symmetries. Hence, the spin-orbital coupling destroying the nodal ring can be written as
We note that the spin-orbital coupling does not have the unique form. Under the symmetry constraints, the different forms of the spin-orbital coupling do not change the surface physics. Since the reflection symmetry in the x direction is preserved, the mirror Chern number can be computed at k x = 0 mirror plane at one of the reflection eigenspaces. We consider the Hamiltonian projection in k x = 0 mirror plane at R x = 1 reflection eigenspace near the two lowest energy points k y ∼ m, −m respectively
where ∆k ± y = k y ∓ m. Since each of the lowest energy point contributes sgn(δ)/2 Chern number, the Chern number M + c = sgn(δ) at R x = 1 is always non-zero. It is known that nonzero Chern number always leads to the presence of the chiral surface modes at any terminations. In other words, the sign and strength of δ does not affect the presence of the surface states as illustrated in Fig. 5 (c,d). Thus, even in the absence of the spin-orbital coupling δ = 0, the surface states should be present at any termination as shown in Fig. 5 (e). Due to C 3 rotation symmetry, the surface states appear at the three planes
. Therefore, the presence of the surface states in the nodal ring stems from the topological phase transition between the two non-trivial topological crystalline insulator phases preserving the reflection symmetry in the x direction, although we note that the presence of the surface states in the three reflection planes does not promise the appearance of the drumhead surface state. The reflection symmetry in the z direction is unable to promise the presence of the stable surface states on (001) surface since the terminations are not located at any reflection center.
III. SPACE-TIME INVERSION SYMMETRY
Space-time inversion (PT) symmetry, the composite symmetry of time-reversal and inversion, also can quantize the Berry phase when dk is integrated along any closed loop in any dimensions. Two distinct PT symmetries are distinguished by PT 2 = ±1. As PT 2 = −1, each band is 2-fold degenerate and the 1d chain preserving this symmetry is always trivial 20 . Here we consider only PT 2 = 1, which can be realized as electron systems without spin-orbital coupling. Since time-reversal and inversion operators both flip k to −k, the composite symmetry operators keep the same k. Unlike the reflection symmetric systems, the closed integration path can be arbitrarily chosen without breaking PT symmetry.
PT symmetry operator is the combination of a unitary matrix and complex conjugation PT = V k K(PT = C † k V k KC k ); the unitary matrix V k in the unit-cell convention might be kdependent. The Hamiltonian preserving PT symmetry obeys
By assuming the absence of degenerate states, the relation of wavefunctions under PT symmetry is given by
In the unit-cell convention, the Berry phase with a noncontractible integral path can be written as
where β j ∓ represent the phases at the beginning and the end of the integration path respectively; hence, the first summation is 2nπ, where n is an integer. We use the identity
If V k is momentum-independent, ∂ k V k = 0 leads to quantized Berry phase
in the unit-cell convention. The requirement of k-independent PT is that the inversion image of each atom in the unit cell must be in the same unit cell since time reversal operation does not change atom location. When the center of the unit cell is the inversion center and no atoms are located at the unit cell boundary, PT operator always is k-independent. If the reflection image of the atoms in the same unit cell are located at different unit cells, PT operator is k-dependent in the unitcell convention since the situation is similar with reflection symmetry (cf eq. 18). However, in general V k is momentumdependent, because the last term in 28 might be non-zero and unquantized (see an example in appendix C 1). Now we consider the Berry phase in the cell-periodic convention. The space-time inversion operator in this convention is given by
where d m is the distance between the origin point and the inversion center. (The proof is similar with the reflection operator in the cell-periodic convention in Append. A 2.) The Berry phase in the cell-periodic convention is written as
where d m is the projection of d m along a non-contractable integral direction. For example, if the integral path is from k x = 0 to k x = 2π, d m is given by the x-direction projection of d m .
As the integral path is a closed loop without passing through the whole length of the Brillouin Zone, d m vanishes so that the Berry phase is always quantized. On the other hand, when the unit cell center is chosen at an inversion center, d m vanishes. Furthermore, in the unit-cell convention if PT is momentumindependent, the Berry phases in the two conventions are identical P = P and quantized.
To discuss the presence of surface states, we consider (100) surface and the remaining directions are in the periodic boundary condition with momentumk. The integral path of the Berry phase in the cell-periodic convention is chosen from k x = 0 to k x = 2π with fixedk. The center of the Wannier function is given byx
which is identical to Eq. 13. By following the similar discussion in sec. II A, when an inversion center has the same x position of the origin point, which is also the center of the unit cell, and P (k) = π, a stable surface state can be present only at the unit cell boundary as a termination, since the termination includes another inversion center at a half lattice constant away from the origin. If some atoms are located at the unit cell boundary, the surface state might be absent since the termination cannot include the inversion center. Furthermore, other terminations, which do not include any inversion center, cannot possess any stable surface states protected by space-time inversion symmetry.
A. CaP 3
When the system preserves only space-time inversion symmetry, a stable surface state can be present only at the termination passing through the inversion center. If the inversion centers are away from the termination, the presence of the surface state might not stem from space-time inversion symmetry. Once a surface state appears on the surface not including any inversion center, this surface state must be protected by other symmetries or can be adiabatically removed to become the bulk state.
The following example of CaP 3 shows that the presence of the surface state at the termination not including any inversion center stems from time-reversal symmetry. It has been computed in the ab initio simulation that CaP 3 possesses a 4fold degenerate nodal ring at k z = 0 plane and its surface state connecting the nodal bulk ring appears on the (001) surface passing through the inversion center 39 as shown in Fig. 6(a,b) . The space group of the material is P1 (SG #2), which has only inversion symmetry. Since the system also preserves time-reversal symmetry and spin-S U(2) symmetry, the nodal ring can be block-diagonalized to two spinless nodal rings and these nodal rings are protected by space-time inversion symmetry. Interestingly, we further discover that even if the termination does not include the inversion centers, the (001) surface at any termination possesses the surface states as shown in Fig. 6(c,d) . In this regard, the presence of the surface states is not related to space-time inversion symmetry. Instead, the non-zero Z 2 time-reversal topological invariant leads to the presence of the surface state at any termination. The low-energy Hamiltonian near the mirror plane k z = 0 describing the 4-fold degenerate nodal ring can be written as
where σ α indicates spin degree of freedom while τ β indicates two different atom locations. The system preserves time reversal symmetry
with T = τ 0 ⊗ σ y K and inversion symmetry with P = τ x ⊗ σ 0 . The matrix τ x represents the exchange of the two atom positions under inversion. When spin-S U(2) symmetry is preserved, the nodal lines at k = m are protected by space-time inversion symmetry with PT 2 = 1 in the two effective spinless
Hamiltonian.
Since inversion symmetry and time-reversal symmetry are preserved, we can compute the Z 2 time-reversal topological invariant at high symmetry points even if the entire system is a semimetal 40 . In this low-energy model, we focus on four high symmetric points (0, 0, 0), (π, 0, 0), (0, π, 0), (π, π, 0) by assuming no band inversion at the other high symmetric points. The Z 2 invariant is given by the number occupied kramer's pair in P = −1 eigenspace N Z 2 = δ 0,0 δ π,0 δ 0,π δ π,π = −1.
Therefore, the nontrivial Z 2 invariant leads to the presence of the surface states at any termination since the Z 2 time-reversal invariant is not sensitive to the location of the termination. While we relax spin S U(2) symmetry, several candidates, which can destroy the nodal lines, are given by
Although τ z ⊗ σ 0 preserves spin S U(2) symmetry, o(k)τ z ⊗ σ 0 breaks time-reversal symmetry and e(k)τ z ⊗ σ 0 breaks inversion symmetry, where o(k)/e(k) is an odd/even function of k. Therefore, τ z ⊗ σ 0 is forbidden by the symmetries. On the other hand, o(k)τ z ⊗ σ j , which preserves both time-reversal symmetry and inversion symmetry, is allowed to be introduced in the Hamiltonian (34) . To completely gap out the nodal lines, symmetry preserving terms k x τ z ⊗σ x and k y τ z ⊗σ y can be added so that the entire system becomes a non-trivial Z 2 strong time-reversal symmetric topological insulators. As illustrated in Fig. 7 (a), the surface surface Dirac cone connects the gapped nodal ring in the non-trivial Z 2 topological insulator. The gapless surface states, which may not stem from the Berry phase quantized by space-time inversion symmetry, can be present at any terminations. Thus, without the spin-orbital coupling, in Fig. 7 (b) the surface state naturally appears at any termination due to the non-zero Z 2 time-reversal invariant.
IV. CONCLUSION
The presence of the surface surface protected by reflection symmetry requires the restrict conditions. First, the termination, which is the boundary of the unit cell, must be at one reflection center. By moving the spatial origin point to the center of the unit cell, which is another reflection center, the Berry phase in the cell-periodic convention is either 0 or π (mod 2π). These two values correspond the two distinct topological phases. However, the π-Berry phase is not enough to lead to the presence of the stable surface state at the selected termination. Second, it requires that no atoms can be exactly located at the termination having the reflection center. Since the termination cannot cut any atom into halves, the termination has to move away from the reflection center and then the surface state loses the symmetry protection. When there are no atoms at the reflection center termination, which is the unit cell boundary, the reflection symmetry operator with the reflection center at the unit cell center can be momentumindependent. The Berry phase in the unit-cell convention is quantized and identical to the one in the cell-periodic convention. Finally, under those conditions the π-Berry phase leads to the presence of the protected surface state at the unit cell boundary. Space-time inversion symmetry shares the same criterion of the stable surface state with reflection symmetry. Hence, this is a completely different type of the stable surface states, since the termination condition plays an important role to determine the presence of the stable surface states. Conventional topological (crystalline) insulators and superconductors have simpler requirements for the stable surface state as shown in Fig. 8 .
Since the presence of the stable surface state deeply depends the choice and conditions of the termination, the stability of the drumhead surface states in most of the topological nodal line semimetals have to be reexamined (Mackay-Terrones crystals 41 2 47 ). Although the nodal lines are protected by reflection symmetry or space-time inversion symmetry, the drumhead surface state at the terminations away from the symmetry centers might lose the symmetry protection. The protection might stem from other symmetries.
V. ACKNOWLEDGEMENT
We can further show the Berry phase is unqauntized and cannot be connected to the reflection occupation number n + 0 + n + π by using a simple example of a reflection symmetric Hamiltonian in the unit-cell convention. The system can be realized as a 1D spinless chain with the unit cell including two distinct atoms. The tight-binding model is written aŝ
(A1) Fig. 9 shows the system preserves reflection symmetry and the reflection centers are located at either atom A or atom B. The Hamiltonian in the momentum space is rewritten as
in the basis of (A k , B k ) for the Pauli matrices σ i . The reflection operator (18) with the reflection center located at atom B is momentum-dependent
The Hamiltonian, which obeys R k H r (k)R −1 k = H r (−k) (eq. 2), has two eigenenergies We compute the Berry phase of the normalized negative energy state, which is given by as m > 0
The wavefunctions at k, −k are connected by the reflection operator
Hence, α 0 , α π vanishes in Eq. 4 so that the Berry phase is given by
Except for k = 0, π, the wavefunction cannot be block diagonalized by the reflection operator; therefore, the wavefunction mixture leads to unqauntized i
Hence, the unqauntized Berry phase can be directly revealed in its analytic solution
where K(a 2 ) = entries in the reflection operator R k flips the sign. The Berry phase, which is not quantized, is not related with this reflection occupation number. Furthermore, since all of the atoms in this system are located at the reflection centers and the occupied states all are extended, the stable surface states protected reflection symmetry are always absent (sec. II A). The odd occupation number n + 0 + n + π cannot be an indicator leading to any physical feature for momentum-dependent reflection operator.
Reflection operator in the cell-periodic convention
The matrix form of the reflection operator in the cellperiodic convention is simpler than the one in the unit-cell convention. In this section, we show that the reflection operator can be written in the form of a momentum-independent matrix with a momentum-dependent global phase in Eq. 10. The reflection operator in the unit-cell convention is transformed to the cell-periodic convention by Eq. 1
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To simplify the problem, we set the origin point at the center of the unit cell and d m is the distance between the reflection center and the origin point. Label x indicates the position of the atom
Since there are four possible atom configurations under reflection, we discuss each case individually to find the explicit form of the reflection operator in the cell-periodic convention.
(a) the reflection operator interchanging two atoms in the same unit cell as illustrated in Fig. 10(a) is written as
The k-independent matrix S represents degree of freedom inside the atom, such as spin index, and S 2 = 1. The transformation matrix is given by
where the positions x and −x + 2d m are the atom and its reflection image in the same unit cell. Hence, the reflection operator in the periodic-cell convention is written as
(b) the reflection of the atom B j is another atom A − j−1 in another unit cell. Since −x + 2d m is the location of another unit cell, the reflection atom has to shift back (+1) to the original cell unit for the cell-periodic convention as illustrated in Fig. 10(b) . The transformation matrix between the two conventions is based on these two locations U(k) = e −i(−x+2d m +1)k 0 0 e −ixk ⊗ 1
The reflection operator in unit cell convention can be written in the form of the annihilation and creation operatorŝ
Therefore, the reflection operator in matrix form in the unitcell convention is given by
The expression of the reflection operator in periodic cell convention can be written as
(c) as an atom is located at the reflection center (x = d m ), the reflection of the atom is itself as shown in Fig. 10 
The reflection operator in unit cell convention clearly is given by R k = S describing the reflection operation inside the atom; hence, the reflection operator in the periodic-cell convention is given by
where the transformation matrix is U(k) = e −id m k 1.
(d) when an atom is located at another reflection center (d m ± 0.5), the reflection of the reflection maps to another unit cell as shown in Fig. 10(d The reflection operator in the form of the second quantization is given byR
Since the transform matrix U = e −i(d m ±0.5)k , the reflection operator in periodic convention is in the same expression R k = U † (k)e ∓ik U † (k) = e 2id m k S ,
Thus, the reflection operator in the cell-periodic convention can be written in the form of Eq. 10
where R 0 is a momentum-independent matrix and R 2 0 = 1.
Example for the Berry phase in the cell-periodic convention
We consider the toy model in the cell-periodic convention and the reflection center is located at the center of the atom as shown in Fig. 9 ; hence, the Hamiltonian (A2) in the unit-cell convention is transformed to the cell-periodic convention H(k) = UH r (k)U † = mσ z + 2 cos(k/2)σ x ,
where U = diag(e ik/2 , 1), since e ik/2 indicates the location of atom A at x = −a/2 and 1 indicates the location of atom B at the origin point. The reflection symmetry operator in this convention is given by
The additional phase of the reflection operator is absent since the origin point and the reflection center are at the same location. The occupied wavefunction with energy E − (Eq. A4) in the unit-cell convention is given by (a) m > 0 
The Berry phase is quantized as the origin point is the reflection center. However, π Berry phase does not lead to the presence of the surface states since atom A is exactly located at the reflection center and all of the occupied states are extended.
Appendix B: Example: absence of surface states
We provide a 1D model showing that for the reflection symmetric systems when the termination is not located at the reflection center, the end states are absent after and before the bulk gap closes. The bulk gap closing point in the 1D model can be extended to a 1D nodal ring protected by reflection symmetry in a 3D semimetal. This result leads to the absence of the drumhead surface states in both sides of the nodal line when the termination is not at any reflection center.
The model we construct possesses four atoms (A, B, C, D) in the unit cell. We choose the origin point at the center of the unit cell and atom A, B, C, D are located at x A = −3a/8, x B = −a/8, x C = a/8, x D = 3a/8 respectively. We build a spinless Hamiltonian in the basis Φ j = (A j B j C j D j ) T
The hopping terms and the sublattice potential are illustrated in Fig. 11(a) . The Hamiltonian in momentum space in the unit-cell convention can be written as
Since the reflection operation with the reflection center located at the unit cell center exchanges atom A, D and atom B, C, the reflection symmetry operator is given by
The Hamiltonian preserves the reflection symmetry by obeying R −1 H(−k)R = H(k). We choose the values of the parameters m = 0.4, c = 0.2, ∆ = 0.25, b = 0.5 and the sublattice potential V can be tuned. The bulk energy dispersion in Fig. 11(b) shows the bulk gap closing at V = ±0.3 = ± √ b 2 − m 2 . According to the locations of the atoms, the unitary matrix transforms the system from the unit-cell convention to the cell-periodic convention can be written in diagonal matrix form U = diag(e i3k/8 , e ik/8 , e −ik/8 , e −3ik/8 ). To compute the Berry phase in the cell-periodic convention, we first find the two occupied states for the Hamiltonian (B2) in the unitcell convention and transform the wavefunctions to the cellperiodic convention. Using the numerical method 33 , we obtain that the Berry phase in the cell-periodic convention is π for −0.3 < V < 0.3 and 0 elsewhere. The termination is at the unit cell boundary, which is a reflection center. As shown in Fig. 11(c) , the end state appears at −0.3 < V < 0.3 because π Berry phase indicates that a stable state is locked at the boundary of the unit cell, which is the reflection center. The appearance of the end state as V < −0.3 is rather accident, since the zero-value Berry does not provide any protection.
The four-atom model shows that before and after the bulk gap closing, the surface state is absent when the termination is not at any reflection center. (a) illustrates the unit cell (green box) including four atoms with hoppings and sub-potential. The dashed pink lines represent the reflection centers. (b) the energy dispersion of the bulk states shows the bulk gap closing at V = ±0.3. (c) the surface state appears for V < 0.3 at the end of atom A as the termination is at the boundary of the unit cell, which is the reflection center. (d) the surface state is absent for V > −0.3 at the end of atom B as the termination is not located at any reflection center. Therefore, the end state is absent near the bulk gap closing point V = 0.3. Now we consider the termination is in the middle of atom A and B, which is not a reflection center, and redefine the origin point in the middle of atom C and D. The Berry phase in periodic cell convention is given by π for 0.3 < |V| and 0 elsewhere by using Eq. 12. However, π Berry phase cannot lead to the presence of the stable end state since the termination, which is not the reflection center, cannot lock one state. Hence, Fig. 11(d) shows the absence of the end state for −0.3 < V; the end state can be absent after and before the bulk gap closing point V = 0.3. Thus, this model can be extended to the reflection symmetric nodal ring semimetals and the drumhead surface is absent inside and outside the nodal ring.
